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T 
he literature on the role of duration and con- 
vexity in managing the interest rate risk of 
fixed-income contracts is concerned primar- 
ily with single-currency domestic applications. 

The dominant view seems to be that fixed-income risk 
management in the international setting involves a mere 
replicating of domestic immunization according to 
Relngton [I9521 and Bienvag, Kaufinan, and Toevs 
[1983]; see, for example, Thomas and Willner [1997]. 

We argue that interest risk reduction by separate 
duration matching of assets and liabilities in each coun- 
try is generally not optimal, and it is unduly costly to 
implement. The pursuit of this strategy is also likely to 
raise the cost of hedging against currency risk. 

We extend the domestic, single-currency immu- 
nization methodology to the international setting.' Based 
on reasonably weak assumptions, our dedicated inter- 
national immunization model yields a hedging strategy 
that is less restrictive, more economical, and possibly more 
efficient than a mere replication of domestic immu- 
nization. The strategy requires that duration be matched 
only between the overall portfolios of assets and liabili- 
ties held in a domestic and foreign country, rather than 
between assets and liabilities held in each country. 

THEORETICAL BACKGROUND 

Consider two portfolios, assets and liabilities held 
by a US.-based investor, each portfolio inclulng two 
currencies, U.S. dollars and a foreign currency. For fur- 



ther simplicity, assume in each country a flat yield curve 
subject only to parallel shifts. Findings reported in the 
literature strongly suggest a negligible adverse effect of 
these restrictions on the quality of immunization. 

Bienvag, Kauhan, and Latta [1987], Reitano 
[1992], and Carcano and Foresi [I9971 show that, even 
when the yield curve's slope is taken into account, immu- 
nization is often defeated by the stochastic nature of inter- 
est rates coupled with frequent changes in the shape of 
the yield curve itself. Furthermore, Balbis and Ibiiiez 
[I9981 show that simple duration-matching methods 
work well even when shifts of the term structure of inter- 
est rates are not parallel. 

A further justification for our simplifjring assump- 
tions is provided by Lee and Cho [I9921 and Reitano 
[I9961 who show that a more general treatment intended 
to immunize against a wider class of shifts would have 
the downside of more restrictive necessary conditions. 
Immunization against the parallel shifts assumed here 
requires constraints on the modified duration of assets 
and liabilities and on convexities. 

Denote the value of assets and liabilities held in 
the two currencies by 

Based on Macaulay's [I9381 definition, the dura- 
tion of assets and liabilities held in each country is: 

and the respective convexity of these holdngs is: 

(4) The overall durations of total assets and total lia- 
bilities held in both countries are: 

where Aid, Lid, Air and Lif are the receipts and payments A 
in the i-th period (i = 1, 2, ..., n) denominated in the SA f DA = P ~  +-DAf 
domestic (dollars) and foreign currency, respectively. Total 

A A d  A 

assets are represented by A = Ad + SAf and total liabil- L 
ities by L = Ld + SLp where S is the fixed exchange rate SLf DL = ADL,, + -DLf 
of dollars per unit of foreign currency. Without loss of L L 

generality, assume that the net worth, N = A - L, is ini- 
tially zero. 
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Finally, &-om (13) and (14), the investor's net worth is: 

initiated at N = 0. Substitution of (1)-(4) in (15) yields: 

Equation (16) is used to derive necessary and suffi- 
cient conditions for immunizing the two-currency portfolio. 

Theorem:  A two-currency portfolio is simultane- 
ously immunized against foreign and domestic interest 
rate risk if conltions as follows hold: 

1. First-order: The average duration of total assets 
held in both currencies equals that of total lia- 
bilities (DA = DL). 

2. First-order: The value of foreign assets held 
equals that of foreign liabilities (Af = Lf). 

3. Second-order: The convexity of assets is 
greater than that of liabilities in either currency 

(CAI > C and CAI > CL) . 
Ld 

A comprehensive proof is provided in the appenlx. 
The first-order conlt ion (1) of simultaneous 

immunization in both currencies stipulates that the dura- 
tion of total assets held in the two currencies be set equal 
to the duration of total liabilities. This conlt ion of ded- 
icated international immunization is clearly less onerous 
than the corresponding condition of replicated domes- 
tic immunization, that duration of assets and liabilities 
be matched in each currency. Since the first-order condi- 
tion (2) and second-order condition (3) are the same for 
both immunization strategies, we conclude that the con- 
ditions of our dedicated international immunization are 
less restrictive and therefore less costly to meet than those 
of replicated domestic irnrnunization. 

SIMULATION 

We use simulation to examine the practical impli- 
cations of the first- and second-order conditions of inter- 
national immunization, and compare the performance of 
the two competing strategies. Recall that replication of 

domestic immunization in a two-currency setting requires 
that in each currency 1) the duration of assets be equal 
to that of liabhties, and 2) the convexity of assets be greater 
than that of liabilities. Our strategy requires by contrast 
that 1) across currencies, the duration of total assets be 
equal to that of liabilities, and 2) in each currency, the 
convexity of assets be greater than that of liabilities. 

Data 

Our interest rate data cover the period from 
January 1984 through April 1998, including daily obser- 
vations of Euro rates for three and six months, and one, 
two, three, and five years in the United States, Britain, 
Germany, and Switzerland."~~ included are spot 
exchange rates of these countries against the U.S. dol- 
lar. Exhibit 1 provides descriptive statistics of these data. 

Methodology 

We start by testing the assumptions underlying our 
conditions of two-currency immunization by setting as 
null hypotheses the assumption dS(l + rd) - dF(1 + rf) 

0 for the first-order condition, and the assunlption 
dSdrf 0 for the second-order condition. The results 
displayed in Exhibit 2 empirically confirm both assump- 
tions in failing to reject either hypothesis at the 1% level 
for the three country pairs in all maturities. 

We simulate portfolios comprising assets and lia- 
bilities held in each of the four currencies and the three 
currency pairs including U.S. dollars. The initial port- 
folios are constructed to satisfj the first- and second-order 
conditions. Under either immunization strategy, the ini- 
tial value of assets in each currency is set equal to the 
value of liabilities (Ad = Ld and Af = Lf). For replicated 
domestic immunization, the duration of assets in each 
currency is set equal to that of liabilities (D = D and 

Ad Ld. 
D = D L )  For dedicated international immunization, 

Af 
the duration of total assets across currencies is set equal 
to that of total liabilities (DA = DL ). 

Under either strategy, the convexity of assets is 
greater than that of liabilities in each currency. Six dates 
are arbitrarily chosen for rebalancing the portfolios to sat- 
isfy the first- and second-order conditions." 

Immunization results based on the two compet- 
ing models are reported in Exhibits 3, 4, and 5. All but 
the last column list the present value, duration, and con- 
vexity of assets and liabilities immelately after portfolio 
rebalancing. The last column in each exhibit shows the 
value of assets, liabilities, and profit at maturity. The last 
rows show the immunization profit in each of the six peri- 
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EXHIBIT 1 
DESCRIPTIVE STATISTICS 

Mean 

Exchange Rates 

Interest Rates 

U.S. 
3-month 0.07932 
6-month 0.08118 
I -year 0.08437 
2-year 0.09085 
3-year 0.0941 3 
5-year 0.09840 

U.K. 
3-month 0.09974 
6-month 0.09950 
I -year 0.10068 
2-year 0.10283 
3-year 0.10391 
5-year 0.10589 

Germany 
3-month 0.05507 
6-month 0.0561 5 
I -year 0.05758 
2-year 0.06236 
3-year 0.06562 
5-year 0.06994 

Switzerland 
3-month 0.10628 
6-month 0.10857 
I -year 0.10976 
2-year 0.11092 
3-year 0.11137 
5-year 0.11218 

S.D. Median Minimum Maximum 

US$/BP, US$/DM, and US$/SF represent exchange rates of the U.S. dollar against the British pound, German mark, and Swiss franc, 
respectively. 
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EXHIBIT 2 
TESTING THE MODEL'S ASSUMPTIONS 

- 

Interest Rates by Maturity 
Currency 3 Months 6 Months 1 Year 2 Years 3 Years 5 Years 

Assumption for First-Order Condition: dS Q + rd) - dF(1 + rf) z 0 

Assumption for Second-Order Condition: dSdr, z 0 

S and F represent the foreign exchange rate and the forward rate, respectively. Numbers are multiplied by 100,000. 

*T-statistic does not reject the null hypothesis at the 1% significance level. 

EXHIBIT 3 
SIMULATION OF AN INTERNATIONAL PORTFOLIO: U.S. AND SWITZERLAND - P 

Portfolio Rebalancing Date 
02/06/84 0511 6/84 10/01/85 02/06/86 12/03/86 02/25/87 0311 1/87 

US$/SF 0.4531 

'd 0.1176 
rf 0.1551 
Present Value 
US Assets (US$) 70,892 
US Liabilities (US$) 70,892 
Swiss Assets (SF) 128,025 
Swiss Liabilities (SF) 128,025 
Total Assets (US$) 128,900 
Total Liabilities (US$) 128,900 

Duration 
US Assets 2.5879 
US Liabilities 3.0932 
Swiss Assets 3.7106 
Swiss Liabilities 3.0932 
Total Assets 3.0932 
Total Liabilities 3.0932 
Convexity 
US Assets 5.0729 
US Liabilities 5.0679 
Swiss Assets 6.9894 
Swiss Liabilities 4.7442 

Immunization Profit (US$) 

International 0.00 
Domestic 0.00 
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EXHIBIT 4 
SIMULATION OF AN INTERNATIONAL PORTFOLIO: U.S. AND U.K. 

Portfolio Rebalancing Date 
02/06/84 0511 6/84 10/01 185 02/06/86 12103186 02/25/87 0311 1/87 

US$/BP 1.4265 

'd 0.1176 
'f 0.1089 
Present Value 
US Assets (US$) 70,892 
US Liabilities (US$) 70,892 
British Assets (BP) 145,274 
British Liabilities (BP) 145,274 
Total Assets (US$) 278,125 
Total Liabilities (US$) 278,125 

Duration 
US Assets 2.5879 
US Liabilities 3.0932 
British Assets 3.2660 
British Liabilities 3.0932 
Total Assets 3.0931 
Total Liabilities 3.0932 

Convexity 
US Assets 10.1458 
US Liabilities 10.1 358 
British Assets 13.2434 
British Liabilities 10.2964 

Immunization Profit (US$) 
International 0.25 
Domestic 0.00 

ods measured by the difference between the incremental 
value of assets and liabilities. Our immunization strategy: 
as stipulated by the three conhtions of the underlying the- 
orem, is designed to hedge against losses and possibly gen- 
erate profit in the presence of changing interest rates. 

The results show that both immunization strate- 
gies generate profit in the three binational cases in all six 
study periods. In all cases our dedicated international 
strategy consistently outperforms the domestic strategy, 
generating profits that are at least four times greater. These 
results understate the overall advantage of our strategy 
by ignoring its greater flexibility and lower direct and 
indirect costs. 

Based on real data, this preliminary evidence sug- 
gests the robustness of our model despite the simplift-- 
ing assumptions inherent in Macaulay's duration. 

Successful immunization based on the assumption of par- 
allel shifts in the term structure is reported by Balbis and 
Ibiiiez [I9981 and several others. 

CONCLUDING REMARKS 

The traditional approach of replicating domestic 
immunization to control interest rate risk in the inter- 
national setting is expensive. We derive a more efficient 
immunization strategy in this setting. Under this strat- 
egy, international firms match the duration of the over- 
all portfolios of assets and liabilities, and set the convexity 
of assets held in each currency to be greater than that 
of liabilities. This strategy avoids the stringent and often 
costly requirement of separately matching the duration 
of assets and liabhties in each currency, and has the added 
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EXHIBIT 5 
SIMULATION OF AN INTERNATIONAL PORTFOLIO: U.S. AND GERMANY 

Portfolio Rebalancing Date 
02106184 0511 6184 10101 185 02/06/86 I2103186 02/25/87 0311 1 187 

US$IDM 

'd 

'f 

Present Value 
US Assets (US$) 
US Liabilities (US$) 
German Assets (DM) 
German Liabilities (DM) 
Total Assets (US$) 
Total Liabilities (US$) 

Duration 
US Assets 
US Liabilities 
German Assets 
German Liabilities 
Total Assets 
Total Liabilities 
Convexity 
US Assets 
US Liabilities 
German Assets 
German Liabilities 

Immunization Profit 
International 
Domestic 

benefit of greater flexibility in managing side-by-side 
interest and currency risks. 

Simulations based on actual transaction data reveal 
that the proposed immunization strategy outperforms the 
traditional replicated domestic immunization. Although 
our model relies on Macaulay's duration and does not 
recognize sloping yield curves and non-parallel shifts of 
those curves, it performs as well as the costlier and more 
rigid model based on domestic immunization. 

Further research is needed to explore potential 
benefits from more complicated models that would 
account for more complex yield curves and their shifts, 

stochastic interest rates, internationally diversified port- 
folios, and default risk. 

APPENDIX 
PROOF OF THEOREM 

First-Order Conditions 

First-order conditions are attained by expandmg (16) as a 

first-order Taylor series, assuming N is a function of S, rd, and rf. 
Accordng to definitions in the text, the expansion of the first-order 
condition yields: 

THE JOURNAL OF PORTFOLIO MANAGEMENT 97 



Substitution of (A-5) in (A-3) yields 

d N  = (1 + r d ) - l d r d ~ { [ - ( ~ ,  / A)DAd + (Ld / A)DLd] + 
S[-(A, A)D, + (Lf I )  + 

[dS(l + rd ) - dF(l + rf )] (1 + rd )-' x 

A[-(A, A P , f  + 

(L, A)DLdl + S(Af - Lf ) 
(A-6) 

Finally, substitution of Macaulay's detinition of duration using 

(13) and (14) into (A-6) yields: 

(A-1) 

We assume that drd + 0, drf + 0, and dS + 0, so that [dS(l + rd) - dF(l+ rf )] (1 + rd)-' x 

p = 4(drd)' + (drf)2 + (ds)' + 0 ,  and substitute (5)-(8) into (A-1). A[-(Ad A ) D A ~  + 
so that the change in the firm's net worth is: (Ld / A ) D L ~ ]  + S(Af - Lf ) (A-7) 

d N  = (1 + rd ) - ld rd[ -~ ,~ , ,  + LdDLd] + Equation (A-7) enables us to prove the theorem. A sufficient 
first-order condition for solving (A-7) is dS(1 + rd) - dF(1 + rf) 

S( l+  rf )-'drf [-A€D,€ + LdDLf]  + dS(Af - Lf ) 
0. Namely, interest rate risk is significantly greater than currency risk.4 

(A-2) The necessary conditions required to solve (A-7) are D, = DL and 
Af = L, 

Since A = L, reorganization of (A-2) yields: 
Second-Order Conditions 

Second-order conditions are attained by expandmg (16) as 
S(l + rf )-'drf A[-(A~ / A)DM + (Ld / A)DLf ] + 

a second-order Taylor series. According to definitions in the text, 
dS(Af - Lf ) (A-3) the expansion of the second-order condition yields: 

We further assume that covered interest rate parity holds, d N  = dSN, + Nrddrd + Nrfdrf + 
i.e., S(l + rd) = F(l + rf), where F represents the forward rate, and 
differentiate (A-3) on the assumptions drd + 0, drf + 0, dS + 0, x d 2 ~ ~ s s  + x d2rdNqQ + 

and dF + 0, to obtain: 
xd2rfNqq +dSdrdN~rd + 

and 

If D, = DL and Af = Lf (namely, the first-order differentia of N 
equals zero), (A-8) becomes: 
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where 
Nss = 0 

Based on (9)-(12) and the first-order conditions, (A-16) is rewritten 

(A-10) as: 

Substitution of (A-10)-(A-15) in (A-9) yields: 

(A- 1 1) 

- f i(i + l)Alf (1 + rf)-i-l + 

i(i + l)Llf (1 + rf )-'-I 
(A- 17) 

Sufficient second-order conditions required to ensure dN > 0 
are obtained If the three terms in (A-17) are positive, or if the first and 
second terms are positive and greater than the absolute value of the third 
term. Following Hauser, Levy, and Yaari [1997], it is hrther assumed 
that dSdr, 0, so that the two-currency portfolio is immunized if in 
each currency the convexity of assets held is greater than that of liabil- 

(A-12) ities (cA, > C* and C+ > cL>. 

ENDNOTES 
(A- 13) 

(A- 1 4) 

- x i(i + l)Aif (1 + rf)-'-' + 

x i(i + l)LIf(l + rf)-'-l 
(A- 16) 

'A less comprehensive and less rigorous treatment is offered 
by Hauser, Levy, and Yaari [1997]. 

'The data are obtained from Israel's central bank. Missing 
interest rates for some maturities are calculated by interpolating neigh- 
boring rates. For example, the five-month spot rate is calculated by 
interpolating the contemporaneous three-month and six-month rates. 

3The immunization strategy is designed to ensure that the 
total value of a portfolio of assets at the end of a specified period be 
equal to the expected value of the portfolio of liabilities. This sug- 
gests that the immunized podolio must be frequently rebalanced if 
interest rates frequently change. Lee and Cho [I9921 show that, in 
the presence of transaction costs, the immunization strategy works 
well even if the portfolio is rebalanced less frequently. 

4The solution to (A-7) does not change by assuming instead 
that Sdr, Fdr, (that currency risk is significantly greater than inter- 
est rate risk). It can be shown that the same solution is attained by 
assuming drf = Bdrd, where B denotes some measure of interest rate 
risk differential. 
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